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Time Development of the Flow about an
Impulsively Started Cylinder

F. D. Deffenbaugh*
TRW Systems, Redondo Beach, Calif.

F. J. Marshallt
Purdue University, West Lafayette, Ind.

A method is developed to determine the time-dependent flowfield about an impulsively started circular cylin-
der. An outer potential flow model is interfaced with an inner viscous flow region. The wake is described by a set
of elementary point vortices. The position at which the point vortices are shed from the cylinder is obtained from
a solution to the unsteady incompressible laminar boundary-layer equations. A rear shear-layer is postulated to
account for backflow induced vorticity. Wake development is detailed from the initial formation of the two sym-
metric vortices to subsequent asymmetry and eventual alternate shedding. Unsteady pressure distributions, lift
and drag forces, and Strouhal number are calculated and compared with experiment. )

Nomenclature
a = cylinder radius
Cp = coefficient of drag, 2D/pU?
Cys = coefficient of drag due to shear
C, = coefficient of lift, 2L/pU?
(C?) " =root mean square lift coefficient
C, = coefficient of pressure, 2(p —p., ) /pU?
d =cylinder diameter
D =drag
H(t) =step function (=0, t=<0;=1, t>0)
L =lift
m =location of vortex born from boundary layer — rear
shear layer
p =pressure
r = polar radius
r, =vortex core
Re = Reynolds number, Ud/v
t = nondimensional time, Ur*/a
At = nuierical stepsize
U = freestream velocity
(#,0) =-cartesian velocity components
(u,v) =polar velocity components
w =complex velocity potential, ® + i¥
0 = polar angle
v =Kkinematic viscosity
0 = density
r =circulation
$ =potential function
v = stream function
w =vorticity
Subscripts and Superscripts
()* = dimensional
()° = outer flow
(@K = outer flow evaluated at surface
O) =inner flow
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=at time ¢,
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Introduction

HE time development of flow about an impulsively

started circular cylinder is a classic problem in fluid
mechanics. The combination of simple geometry, complicated
flow phenomena, and flow interaction has led to extensive
study by both experimental and theoretical investigators.

In the past, two basic theoretical approaches have been used
to determine the flowfield about an impulsively started cir-
cular cylinder: 1) a finite-difference solution to the full
Navier-Stokes equations, and 2) an approximate potential
flow model. Payne' developed the first finite-difference
solution for symmetric flow at Reynolds numbers 40 and 100;
Kawaguti and Jain? extended this range from 1-100. Thoman
and Szewczyk® developed a solution for adymmetric flow for
Reynolds number 1-3 x 10*. In the second approach, poten-
tial flow models exist ranging from the work of Mello* and
Bryson,> in which the potential flow is modified by two sym-'
metric vortices placed in the wake behind the cylinder, to the
more complicated models of Gerrard® and Sarpkaya,’ in
which the shear layers shed from the cylinder are modeled by
point vortices as proposed by Abernathy and Kronauer.

This study extends the potential flow model to include
viscous effects. The time development of the flowfield about a
circular cylinder started impulsively from rest is described by
interfacing an inner boundary-layer solution with an outer
potential discrete point vortex wake solution. The dynamic in-
teraction between the discrete point vortex wake and boun-
dary-layer separation provides physical insight to the
mechanism of the creation, growth, and eventual alternate
shedding of the vortices behind bluff bodies.

General Solution Technique

The Reynolds number range considered is the high-laminar
regime (10* <Re<10°%). The technique assumes that for a
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high Reynolds number the flow may be divided into two
regions: a viscous inner flow near the cylinder described by a
boundary layer and a rear shear layer and an essentially in-
viscid outer flow elsewhere. Computer solutions for these sub-
flowfields are matched based on the physics of the problem.
This technique involves no finite differences and is the poten-
tial flow model approach with one basic difference; i.e., the
inner viscous solution ( a solution to the boundary-layer
equations and rear shear layer) determines the position at
which the point vortices are to be placed into the flow.

Outer Flow

The outer flow consists of an irrotational flow outside the
boundary layer and rear shear layer, and a wake. The flow is
assumed to be a potential flow consisting of the superposition
of vortex, uniform flow, and doublet (the classical potential
flow about a cylinder with circulation), plus the potential flow
induced by a set of point vortices located outside the cylinder
and their images inside.

In terms of the nondimensional quantities (x,y,?) = (x*/a,
y*/a, Ur*/a), (r,0)=(r*/a, 0),o+i¥V=(9*+i¥*)/Ua,
w=w*a/U, T =T*/Ua, the equations for the outer flow are

D.E. vVi¥r=0w )
1.C. t=0,; ¥=0 Q)
B.C. r=1; ¥=0
r—o ;Y=yH(t), H(t)=0t<0
H(ty=1 t>0 (3)

where
N
w(xxyxt) = E Fné(x_xn)a(y—yn)
n=1]1

* The (x,,y,) represent the location of a point vortex, T',, is the
vortex strength, and § is the delta function such that upon in-
tegrating overall x,y external to the cylinder,

N
S S wdS= E T,
n=1
The solution obtained using the Circle Theorem? is

. 1 lTo
w=®+i¥=z+—-+—logz
z 27

" E IT,, log (z_zn)z (4)

where
z=x+iy=re” (5a)
2y =X, + iy, =l,e" (5b)
2=2,=(X—=x,) +i(y—y,) =r;e”n (50)
(o) )
- ={x——=)+ — == ) =r,,e"n 5d
z PRE X 02 i\y 0’ 2 (5d)

such that on the surface r,,=r,,/{, and ¥ =0. The cartesian
components of velocity (#,7) and the tangential and radial
velocity components (u,v) can be obtained from Eq. (4) as

dw/dz= —ii+iv=e " (—v+iu) (6)
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Inner Flow

The equations for unsteady two-dimensional boundary
layers in laminar incompressible flow, nondimensionalized as
in the outer flow, and written in polar coordinates are

,,+ 0, +00,;=—p, /240, @)
0=p,; ®
@,9+0,,=0 ©

Evaluating —p,,/2 as 7— o, substituting the result into Eq."
(7), and applying the appropriate initial and boundary con-
ditions yields the governing equations for the inner flow; i.e.,

@, + Ui, g+ 00, =ud, +ud udog+i, (10)
#,0+70,;=0 1n
I.C. t=0; a=0=0 12)

F—oo ; a=uj(6,1) (13)

where ( )§ denotes the evaluation of the outer flow at the sur-
face. Equations (10-13) are solved by an approximate method
based on the integral form of the momentum equations. The
method is basically that of Schuh’s'® with the modification
that the outer potential flow is time dependent, thus requiring
a numerical integration of Schuh’s basic equations.

Shortly after impulsive start the inner boundary-layer
solution closely approaches the steady state even through the
outer flow is continually changing. For times where the boun-
dary layer is nearly steady, the effect of the unsteady outer
flow is handled using a quasi-steady approximation; the time-
derivative terms in Eq. (10) are dropped and Pohlhausen’s '!
method is used to solve the steady boundary-layer equations.
The boundary conditions at any instant in time are given by
the outer potential flow solution at that time.

Prandtl’s definition of separation (&,, =0,7=0) was used
to determine the boundary-layer separation point. For the
early flow development, 1< 1.0, where an unsteady separation
criterion might be used, the wake has not become a dominant
part of the flowfield. For later times, when the boundary layer
is close to steady state, quasi-steady flow and steady
separation are assumed. Because the boundary layer ap-
proaches steady state very rapidly, i.e., t=1.0, and the
separation angle during this time moves rapidly forward in a
monotonic manner, use of the steady separation criterion
should not introduce significant errors for long-time, steady-
state solutions. :

Rear Shear Layer

The primary effect of viscosity is the creation of vorticity
over the cylinder surface. The vorticity created in the boun-
dary layer is shed into the wake at the boundary-layer
separation points and rolls up to form regions of concentrated
vorticity immediately behind the cylinder. These vortex struc-
tures induce a backflow velocity on the rear portion of the
cylinder, and vorticity of opposite sign to that created in the
boundary layer is shed into the wake.

To account for this secondary source of vorticity, the
existence of a rear shear layer is postulated. It is assumed that
the rear shear layer is similar to a boundary layer, cannot
tolerate much of an adverse pressure gradient, and separates
soon after minimum backflow pressure is reached. The
distance at which rear shear layer separation occurs is
assumed to be proportional to the distance at which boundary
layer separation occurs after pressure minimum. The opposite
signed rear vorticity is introduced into the wake at the rear
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Fig. 1 Rear shear layer separation.

shear layer separation point 6}, determined from the
following proportional algorithm:

05 —0,=K(6{—0]) (14)

where the proportionality constant K= (8, —6%)/(0,—64%),
see Fig.-1.

Interface

The prime interaction is that the outer flow drives the inner
flow. The outer boundary condition on the inner flow is the
outer flow evaluated at the surface; the inner flow is the sour-
ce of outer flow vorticity.

The vorticity created over the forward part of the cylinder is
introduced into the wake in the form of point vortices at the
boundary layer separation points. The vorticity flux across
the boundary layer at a separation point, §,, is
ar [ = i1 us’

- 1= 0
i SO wu dr SO 7 udr 5 15)

The vorticity flux out of the boundary layer in a time-step,
Aty is summed into a point vortex of strength;

I, =At or 16

n— k at ( )
The point vortex is assumed to be in the outer potential flow
and images are created simultancously to satisfy the condition
of zero normal velocity at the surface. The tangential velocity
at the surface due to the newly created vortex and the
corresponding images is #; = —I', /wm, where m is the normal
distance from the cylinder at §,. With the requirement that the
no-slip condition hold at 6.,

T, At lugl

Tlull 2w

a7

In an analogous manner, point vortices are introduced into
the outer flow from the rear shear layer separation points.
This is a source of vorticity of opposite sign.

The basic inviscid equations (1-3) allow for an arbitrary cir-
culation I, determined from the viscous action. It is
postulated that I', is operative only in the quasi-steady flow
regime (£=4.0) and therefore tends to equalize the vorticity
production from the upper and lower separation points as

Fo(fkﬂ):_T?r[Uﬁﬁ(a.c;fk)*'ug(és,lk)] (18)

In this analysis, the overshoot factor is c=10.

Wake

The wake described is a set of ideal point vortices superim-
posed with the classical potential flow about a cylinder. In the
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region of the point vortices, the fluid velocity tends to in-
finity. Infinite velocities are not encountered in a real fluid,
and in the region of the vortex core the fluid flow cannot be
considered ideal and viscosity effects must be considered.
Recent studies '>!> show that some type of artificial viscosity
is required to cancel irregularities that normally occur because
of the singular nature of the ideal point vortex. In this study,
outside a ‘‘viscous core radius (r.),”” the velocity induced by
a point vortex is the potential solution; within the core radius,
the velocity is zero. The wake is thus approximated by a set of
potential point vortices, with those falling within r, of a field
pointignored.

Although the inviscid wake assumption has been slightly
modified by the use of an artifical viscosity in the region of
the point vortices, it is assumed that the motion of the vortices
is governed by the equations of inviscid flow. Hence,

Dw/Dt=0 (19)

which implies that the point vortex strengths must remain
constant in time and are constrained to move with the fluid.
At each discrete step in time, ¢,, a new vortex distribution is
calculated at ¢, ;; i.e.,

Xp(Crr) =X, (8) YA (X0, Y 0,1) - Al
Yo llis 1) =Y () +0(X, 00 0) - Al (20)

When a large number of point vortices exist in the outer
flow, computation time becomes prohibitive, To reduce com-
puter time, the vortices are coalesced, 1) to substantially
reduce the number of point vortices, 2) to yield an equilvalent
velocity field, and 3) to maintain the basic structure of the
vortex distribution. For this operation, two point vortices of
strengths ', and I';, at (x;,y,) and (x,,¥,), respectively, are
replaced by one point vortex of strength I'; at (x;,y;) where

T;=T,+T; 21

_ ( ‘F/|X1+ |F2‘X2)

X _ Uy ly, + 1T, 1y,)
ST+ 1T,

* T+ 1T,

(22)

The syminetric vortex structure is unstable at high Reynolds
numbers and asymmetry develops soon after impulsive start
which promotes alternate vortex shedding. The departure
from the symmetric vortex configuration is assumed to be due
to small experimental disturbances. To model these unknown
disturbances, a perturbation is applied to the point vortex
arrays at an early time arbitrarily chosen as the time the flux
of vorticity out of the boundary layer is at a maximum; i.e.,

B (i )90 (e )1 = 1%, (4) —0.001,9, (1,) —0.001]  (23)

Lift and Drag

The lift and drag acting on the cylinder are calculated by in-
tegrating the pressure distribution obtained by Bernoulli’s
equation

—28,, +ul +p=2f(1) 24)

The lift and drag equations in coefficient form are

27
CL=——§0 C, sin 6 do 25)

1 S‘ZW
Cp= 3 C, cos 6 do (26)

where C,, is obtained from Eqs. (4-6) and (24) as

N

r, . .
— (0;,—0,,) 27)

2
C,=1-u7 -2
i ¢ n=1 2w
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Fig. 2 Vortex wake development.

For an inviscid model, the forces on a moving cylinder can be
determined directly by Lagally’s theorem’? or by a vortex im-
pulse method. '* In the current mathematical model, lift and
drag are obtained by integration because diffusive effects en-
ter the primarily inviscid model through the parameter r,.. The
pressure distribution around the cylinder is useful in com-
paring theoretical and experimental results, as well as in un-
derstanding the mechanism of vortex shedding.

Results

A direct comparison of theory to experiment is not possible
for the early, transient phases of the flow because, ex-
perimentally, a finite acceleration of the cylinder from rest to
a constant velocity must exist. A comparison between theory
and experiment is possible when the flow becomes periodic
and the drag approaches a steady value.

Vortex Capture

Several explanations exist for the vortex shedding
mechanism. The explanations of Gerrard'® and Sarpkaya '
were based on experimental observations while those of
Thoman and Szewczyk?® were based on theoretical
calcuiations. All agreed on the basic premise that a vortex is
captured by a stream of fluid from the opposite side of the
cylinder; however, the capture mechanism of the first and
subsequent vortices has not been resolved.

In the present model, the point vortex distribution (with
viscous core radius r. =0.05) fixes the flowfield at any instant
in time through Poisson’s equation, Vv 2y =w. The vorticity
equation, Dw/Dt=0, is used to determine the vorticity
distribution at the next instant and the velocity field is
calculated again. The velocity field at #,, as well as the change
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Fig.3 Transient separation point.

in distribution of vorticity are shown in Fig. 2; the point vor-
tices are plotted at ¢, and ¢,,; with arrows drawn between
corresponding vortices at successive times. The growth and
subsequent alternate shedding of large scale vortices are ex-
plained by the discrete vortex wake model.

Shortly after impulsive start, the boundary layer separates
from the rear stagnation point and the separation point moves
rapidly toward its final steady value (Fig. 2a). The separated
shear layers begin to form two symmetric vortices behind the
cylinder. The vortices immediately behind the cylinder induce
high backflow velocities which create vorticity of opposite
sign to the main vortices; the opposite signed vorticity forms
smaller secondary vortices (Fig. 2b). The bottom vortex
becomes larger and shifts slightly downstream where it
decreases in strength as it begins to entrain vorticity of op-
posite sign by drawing the top vortex across the wake (Fig.
2¢). The top vortex continues to increase in strength, oc-
cupying practically the entire breadth of the wake (Fig. 2d).
The bottom vortex is still connected to the bottom separation
point by a feeding shear layer. When the strengthened top vor-
tex begins to draw the bottom shear layer across the wake, the
bottom vortex downstream is no longer being fed vorticity
from the separation point and is shed (Fig. 2¢). The top vor-
tex, now drawing the bottom shear layer across the wake,
decreases in strength and shifts downstream while the bottom
shear layer simultaneously forms a new bottom vortex. The
new bottom vortex grows until it occupies most of the breadth
of the wake and finally draws the top shear layer across the
wake cutting off further supply of vorticity to the top vortex.
The top vortex is then shed and the cycle begins to repeat.
Figure 2f shows a cluster of vorticity which is the shed bottom
vortex farthest downstream and a cluster which represents the
top shed vortex close to the center of the plot. At high
Reynolds numbers, a Karman vortex street is not observed
although periodic shedding does occur.!” Thus, an iden-
tifiable vortex structure should not appear downstream but
should appear, as pointed out by Abernathy and Kronauer, ?
as a cluster of vorticity.

The calculated Strouhal number $=0.16 is lower than the
generally accepted value of S=0.21. The calculation is based
upon the first vortex shed at r=18.8 and the second at ¢
=25.0. According to Sarpkaya’s'® experimental results, the
second vortex is captured more rapidly than the first and sub-
sequent vortices are captured more rapidly than the second.

Separation Angle

Figure 3 shows the variation of separation angle with time.
For r<4.0 the unsteady momentum-integral equations are
solved; for 1>4.0 quasi-steady flow is assumed and a solution
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Fig.4 Time dependent drag.

to the steady momentum-integral equations is obtained.
Pohlhausen!! velocity profiles are assumed in both cases.
Figure 3a compares the current results with the work of
Collins and Dennis, '® Thoman and Szewczyk,® and Schuh. !¢
Collins and Dennis developed a power series solution by a
method of successive approximation to the Navier-Stokes
equations. Thoman and Szewczyk solved the Navier-Stokes
equations using finite differences. The separation points in
both of these methods are obtained by noting the zero shear
position from the vorticity distributions around the cylinder.
Separation is similarly determined by Schuh and in the current
method where the boundary-layer approximation is used and
w= (—0du/dy). The results shown in Fig. 3a are in close
agreement with Collins and Dennis, and Thoman and Szewc-
zyk. Schuh assumed a constant outer potential flow u? =2 sin
6 and obtained a final steady separation angle 6, = 107.27 The
difference between the current results and Schuh’s is primarily
due to the time dependent outer flow solution.

At t=4.0, 6,, as calculated by the unsteady integral
momentum solution, approaches a steady value of ap-
proximately 6, =81° which is in good agreement with the
generally accepted value of 6, =82° for steady flow. For
longer times where quasi-steady flow 1is assumed,
Pohlhausen’s solution to the steady momentum-integral
equations yields a final average value of 8, =67° (Fig. 3b).
The asymmetry of the flow is indicated by the displacement of
the top and bottom separation angles.

The discontinuity in the curve at ¢=4.0 indicates that the
error in separation angle due to the quasi-steady flow assump-
tion is only about 5%. However, the final value of separation
angle, 0, =67°, is almost 20% lower than the usual 6, = 82°.
The difficulty lies in the influence the newly created vortices
have on the separation point. It was found that the separation
point velocity is strongly influenced by vortices in its im-
mediate vicinity and -that the effect was to promote
separation. Thus, the separation angle is continually forced
toward the forward stagnation point until the favorable
pressure gradient over the forward part of the cylinder bal-
ances the effect of the newly introduced vortices; hence 4, =
67°. To obtain a better estimate of separation, it will be
necessary to modify the vortex birth algorithm such that the
newly created vortices do not dominate the outer flow near
separation.

Liftand Drag

The drag as a function of time and curves obtained by
various other investigators is plotted in Fig.. 4. The drag
predicted by the current method is due to pressure only. A
finite-difference solution to the boundary-layer equations
shows that the drag due to viscous stress is negligible (Cy,
=0.02) in comparison to the pressure drag; Thom'® shows
that for the range of Reynolds numbers considered, Cy
=0.04. The peak drag agrees well with Thoman and Szewc-
zyk > and Sarpkaya.’ After the first vortex is shed at ¢~ 16,
however, the drag approaches a quasi-steady value of Cp ~

Fig. 5 Oscillating lifi.

0.9, which is well below the generally accepted value of Cp
=1.2.

Because the steady separation angle predicted using
Pohlhausen’s method is only 67°, it is not surprising that the
steady drag value is in error. The location at which point vor-
tices are introduced into the wake is an important factor in the
time development of the wake, and, as a result, in the time
development of the drag. To determine whether a more ac-
curate prediction of steady separation angle could improve
the drag estimates, a test case was run where the motion of the
separation angle was stopped at 82°. For this test case, the
drag was found to approach a steady value of Cp =1.2.

Oscillating lift on the cylinder occurs as a result of the alter-
nate vortex shedding (Fig. 5). The current theory gives a peak
value of approximately C, ~0.45. Gerrard?® and Keefe?' ex-
perimentally obtained values of (C;?)"” ~0.5 and
(C; %) " ~0.7, respectively.

Conclusions

The current solution to the cylinder problem is a more
phenomenological approach than finite-difference solutions.
No grids or meshes of any type are required. The boundary-
layer discrete vortex wake interaction provides a step-by-step
account of the initial formation of the symmetric vortices
behind the cylinder, their asymmetric development, and even-
tual alternate shedding. This approach increases computer ef-
ficiency and contributes to the physical understanding of the
flow phenomena.

For the early phases of the flow (0 < t=<4), drag coefficients
were obtained which fall within the range obtained by other
investigators and the transient motion of the separation angle
was in excellent agreement with that predicted by finite dif-
ference solution. For times greater than r=4.0, it was
assumed that the boundary layer responded with no time lag
to changes in the outer potential flow; Pohlhausen’s solution

to the steady momentum-integral equations was used to

predict separation. The strong influence on the outer flow
velocity at separation by the point vortices nearest separation
resulted in a final steady separation angle of 8, =67°. The
poor prediction of separation resulted in a steady drag value
which was also low, Cp~0.9. Oscillating values of lift which
accompany the periodic shedding compare well with ex-
periment. The postulated rear shear layer accounts for secon-
dary vortices and for the reduction in strength of the main
vortex structure. The accuracy of this method can be im-
proved by improving the prediction of separation angle for
late times. Further work is needed to correctly model the ef-
fects of the vortices nearest separation on the outer flow
velocity at separation.
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